Practical engineering systems require feedback control implementation in discrete-time; however, stable control of an infinite-dimensional distributed param-Ž . eter system DPS is not always guaranteed. We introduce two nonlinear con-Ž . trollers, a DPS one and a finite-dimensional one with residual mode filter RMF compensation, which produce local exponential closed-loop stability for nonlinear discrete-time DPS on Banach spaces under appropriate local Lipschitz continuity conditions. Both controllers operate in discrete-time and our results place no restrictions on the smoothness of the initial data in the Banach space. ᮊ 1997 Academic Press
INTRODUCTION
Stable feedback control of infinite-dimensional distributed parameter Ž . systems DPS is essential for practical engineering systems, such as mew x w x chanically flexible structures 1 or fluid-structure interactions 2 . The vast majority of these actively controlled systems are implemented in discrete Ž . rather than continuous time. We concern ourselves here with nonlinear discrete-time DPS defined on Banach spaces.
For continuous-time DPS, we have developed a reduced-order model Ž . ROM based on finite-dimensional controllers with residual mode filter w x compensation to achieve global exponential stability for linear systems 3 w x and local exponential stability for nonlinear systems 4 . However, in both cases, we are restricted to smooth initial data densely defined in a Hilbert space. In this paper, for discrete-time dynamics we are able to relax these restrictions to any initial data in a Banach space.
THE DISCRETE-TIME DPS PLANT
We define the Discrete-Time Nonlinear DPS Plant as where M G 1 and 0 --1; we say that is the exponential decay rate. 0 0 0 Ž . The pair ⌽, ⌫ is exponentially stabilizable when there is a bounded linear gain operator G : X ª R M which produces ⌽ ' ⌽ q ⌫G as exponen-C C Ž . tially stable; correspondingly the pair ⌽, C is exponentially detectable when there is a bounded linear gain operator K : R P ª X which produces an exponentially stable ⌽ ' ⌽ y KC. 00 
THE DPS FEEDBACK CONTROLLER
A nonlinear DPS controller would have the form 
Ž . Ž . Ž . Ž . x q e . The closed-loop DPS consisting of 1 ᎐ 3 and 6 ᎐ 8 may be rewritten
with ⌬ ' ⌫G q H. We have the following closed-loop stability result:
Ž . Ž . a ⌽, ⌫, C is exponentially stabilizable and detectable;
where is the local Lipschitz constant of the nonlinearity f ؒ ;
Ž . then the closed-loop DPS 13 is locally exponentially stable: for any w g
The proof of Theorem 1 appears in Appendix I; it uses the following three lemmas: 
Ž . for all k G 0 and for all w 0 s w g X with
Ž .
Note that even if s s we can always overestimate one or the 1 2 other by ) and then use the above result.
Ž . where a, b are nonnegati¨e constants and z k F 0 for all k G 0, then
for all k G 1. 
The proofs of Lemmas 1 and 2 are given in Appendix II and that of Lemma 3 is in Appendix III.
Certainly Lemma 3 in infinite-dimensional space is a discrete-time w x version of a well-known result, e.g., 5, Theorem 53, pp. 217᎐218 , but this result is not readily available for Banach spaces in the standard literature.
Ž . In the proof of Lemma 3, we obtain as a byproduct that trajectories of 19 Ž . Ž . which start in B B ␦ remain in B B r for all k G 0, i.e., they are ultimately Ž . bounded by r. Also, it should be clear that d can always be satisfied when 5 Ž .5 Ž5 5. Ž .Ž . h x s o x ; consequently, a similar constraint on f ؒ in 1 will Ž . satisfy 14 in Theorem 1.
A FINITE-DIMENSIONAL FEEDBACK CONTROLLER
Ž . Ž . Although we have seen in Section 3 that the nonlinear controller 6 ᎐ 8 Ž . Ž . will produce closed-loop exponential stability with the DPS plant 1 ᎐ 3 , this controller is not realizable since it is infinite-dimensional. Of course, one can approximate the controller by various schemes to produce a realizable finite-dimensional controller but closed-loop stability may be lost. In this section, we will present such a modal approximation which maintains closed-loop exponential stability and produces an easily implemented practical control algorithm.
We begin by partitioning the Banach space X as
where X , X are a pair of closed subspaces of X which are in¨ariant
The projection operators P and P ' I y P are
Ž . bounded and linear on X with R R P s X and R R P s X ; we have
As is well known from 6, pp. 553᎐554 , when a closed-subspace X is N Ž . given in a Banach not a Hilbert space X, it may have many closed ''complements'' X or it may have none. This can inhibit the existence of R the bounded projection operators P and P ; however, the closed sub-N R spaces exist if and only if the bounded projection operators exist, as a w consequence of the Closed Graph Theorem, e.g., 7, Theorem II.1.14, x Ž . p. 48 . Nevertheless, when X is finite-dimensional as here there is N always a closed complement X and, hence, bounded projection operators R w x P , P , e.g., 7, Theorem II.1.16, p. 49 .
We define x k ' P x k and x k ' P x k and obtain from 1 ᎐ 3 
for implementation, but notice there are no further gains to be designed for the RMF itself.
We have several useful facts about these additional projections: a P y P is a bounded, linear projection with R R P y P s X Ž .
Now we assume
This means that P converges strongly to P which says that, as the modal
bounded linear operator with rank ⌫ s M, we have
Ž . so 43 follows from 41 . Similarly,
whenever rank H -ϱ; however, it is not true otherwise. Ž . Ž . Ž . Ž . Ž . Ž . Define k ' P y P x k s x k y x k and obtain, from 38
Ž . and 39 , that
Ž . Also, from 2 , 32 , 40 , and 45 , we obtain
N and e kq1 s⌽ e k qH q k , 5 1
The closed-loop system state is defined by Ž . Ž . X ¬ w -␦ so that for any w g B B ␦ and Q G Q ,
The proof of this result appears in Appendix IV. It uses Lemmas 1᎐3 and the following: there is a constant ␤ so that
R Q
Ž . This last result is a consequence of d in Theorem 2 and the Principle w x of Uniform Boundedness, e.g., 9, pp. 43᎐44 ; it is important that X is a C Banach space here.
CONCLUSIONS

Ž . Ž .
In Theorem 1 we have shown that a nonlinear discrete-time DPS 1 ᎐ 3 defined on a Banach space can be controlled with local exponential Ž . Ž . stability by a nonlinear DPS controller 6 ᎐ 8 . The linear part of the DPS must be stabilizable and detectable and the nonlinear part must be at least Ž 5 Ž .5 Ž5 5.. locally Lipschitz continuous or f x s o x .
In Theorem 2, we replace the DPS controller with a realizable finitedimensional controller based on a modal reduced-order model of dimen-Ž . Ž . sion N where the DPS 1 ᎐ 3 has only N unstable modes and a residual Ž . mode filter RMF of dimension Q where Q is finite; hence the full controller has dimension N q Q. Again, local exponential stability is shown with this finite-dimensional ROMrRMF Controller. It may appear that Q could be extremely large but in practice this is not the case, e.g., w x 10 .
APPENDIX I: PROOF OF THEOREM 1
Ž .
From a we may choose the bounded linear gain operators G and K in Ž . Ž .
Ž
Ž . Ž . we have
Ž . Ž . Ž . 
Hence,
Ž . Ž .
Now, because kk and M G 1, we have
Case 2. -.
This completes the proof of Lemma 1.
This completes the proof of Lemma 2.
APPENDIX III: PROOF OF LEMMA 3 Ž . Ž . Thus, because h ؒ is Lipschitz continuous on B B r we have Ž .
